We analytically solved the equations for Brillouin optical time domain reflectometry (BOTDR), which is a distributed strain/temperature sensing system that uses a property where the scattering spectrum shifts in proportion to the change of the strain/temperature. Although the equations include both spontaneous and stimulated Brillouin scattering terms, we show that the largest part of the measured spectrum arises from spontaneous scattering in usual BOTDR conditions. This indicates that the term related to stimulated scattering in the equations for BOTDR can be ignored and we show that the observed spectrum is analytically represented in that case. * Manuscript Received
Introduction
Brillouin scattering in an optical fiber has a property in which its spectrum shifts in proportion to the strain or temperature changes. Brillouin optical time domain reflectometry (BOTDR) is a distributed strain/temperature sensing system ( Fig. 1 ) that uses this property [1, 2] . In BOTDR, a pump pulse is injected into the fiber, and a time-varying Brillouin spectrum of the backscattered Stokes light is measured from which the spectral shift is obtained. Although analytically representing the solutions to the BOTDR equations is preferable, they have not yet been obtained since the scattering originates from the thermal noise in the fiber.
The BOTDR equations are comprised of coupled equations for two lightwaves (a pump light and a Stokes light), and an acoustic wave. The acoustic wave equation includes two terms on the right hand side (RHS): an interaction term of two lightwaves and a thermal noise term. These terms correspond to stimulated Brillouin scattering (SBS) and spontaneous Brillouin scattering (SpBS).
In this paper, first the BOTDR equations are solved by omitting the SBS term in the acoustic wave equation. We obtain a simple analytical solution and represent the measured spectrum by a two-dimensional convolution. Next, we solve the BOTDR equations including both the SBS and SpBS terms to investigate whether the influence of SBS is vanishingly small.
The influence of SBS in optical fibers has been in- vestigated for continuous wave (CW) input, and when the intensity of the input light exceeds a certain critical value (SBS threshold), SBS increases rapidly and the input light cannot attain the other end of an optical fiber ( [3] , Sec. 9.2). Since the SBS term in the acoustic wave equation becomes dominant when the intensity of the input light is around a critical value, we must treat both the SBS and SpBS terms. In the CW case, the equations, which are the same as the BOTDR equations except for the boundary conditions, were solved analytically [4] . This solution, however, cannot be applied to such pulse input cases as BOTDR. Here, the BOTDR equations are solved by applying two-dimensional Laplace transform. Finally, using the solution, we show that the SBS influence is vanishingly small in usual BOTDR conditions.
Mathematical Model of BOTDR

Equations for BOTDR
Let Ω B (z) be the variation of the Brillouin frequency shift around its nominal value. Over a large range of strain and temperature, the Brillouin frequency shift is proportional to the local changes in strain Δ (z) and temperature ΔT (z), i.e., Ω B (z) = C Δ (z) + C T ΔT (z), where C and C T are known constants. From this, the changes of strain or tem-peratue can be estimated by the Brillouin frequency shift.
Describe the Brillouin scattering in an optical fiber by the following system of stochastic partial differential equations:
where E p , E s and ρ are the complex amplitudes of a pump light, a Stokes light and an acoustic wave (density wave), respectively, v g is the light speed in a fiber, κ and Λ are coupling coefficients, α is an attenuation coefficient of the fiber, superscript * denotes the complex conjugate, and Γ B is the full width at half maximum of a Brillouin spectrum, Random force R(z,t) is a complex white noise, which is white both in time and space, i.e., it is characterized by The boundary and initial conditions are given by
where P p and f (t) denote the power and the shape function of the pump pulse injected into an optical fiber, respectively, A eff is the effective core area of a fiber, and ρ 0 (z,t) denotes a stationary solution of 
This equation and eq. (5) reflect that the Stokes light does not appear before the arrival of the pump light.
Solution that Ignores SBS
If the SBS can be ignored, the observed spectrum of BOTDR can be explicitly represented [7] . We assume the following conditions: A1 The SBS term in eq. (3) is negligible A2 The RHS of eq. (1) is negligible. A3 αDv g 1, where D is the pulse width of a pump light. Among the assumptions, A1 means that SBS can be ignored, and A2 means that |E s | |E p |. A3 means that the attenuation of the pump light is negligibly small within the pulse width. The equations to be solved become
First, eq. (10) can be solved independently and the solution is represented as
Since R(z,t) is white Gaussian, ρ(z,t) is independent with respect to z and stationary with respect to t, and its autocorrelation function becomes
Next, eq. (8) is also solved independently, and the solution is written as
Substituting eqs. (11), (13) into eq. (9), we obtain
where L f is the length of the fiber,
The backscattered light returned to the input end of an optical fiber in BOTDR is
A component of this signal with frequency Ω can be obtained by
where h(t) is an impulse response of a low-pass filter, c Y is a constant, and κ 2 = c Y κ 1 . The Brillouin spectrum obtained by one measurement of BOTDR is represented as
Actually, to obtain a smooth spectrum, the measurements are repeated many times and the spectrums are accumulated or averaged. Therefore, the desired Brillouin spectrum in the measurement is expectation EV (t,Ω). We can calculate the expectation of V (t,Ω) using eq. (12) as
where t,Ω * denotes a two-dimensional convolution with respect to t and Ω, and
respectively, where F τ denotes a Fourier transform with respect to variable τ . L(t,Ω) is a time-varying Lorentzian spectrum that is only determined by the characteristics of an optical fiber. On the other hand, Ψ (t,Ω) depends on the BOTDR procedure. Since eq. (18) implies that function Ψ (t,Ω) obscures the details of L(t,Ω), we refer to Ψ (t,Ω) as a point spread function (PSF). Thus, the explicit representation of the observed spectrum of BOTDR is obtained.
BOTDR Equations Including SBS
As shown in the last section, if SBS is ignored, the solutions of the BOTDR equations are explicitly represented. However, we must verify that SBS can be ignored by solving the BOTDR equations that include the SBS term. Since our purpose is to evaluate the intensity of the Stokes light, we assume the following conditions:
, and 0 otherwise. Among the assumptions, B1 means that there are no changes in strain and temperature, B2 means that there is no attenuation, and B3 means that the shape of the probe pulse is rectangular. Although the reason for these assumptions is to make it easier to solve the equations, the SBS is more likely to occur in these conditions. Therefore, if it is shown that the SBS is small under these assumptions, we can expect that the SBS is also small without these assumptions.
Using a local time τ = t−z/v g , we rewrite eqs. (2), (3) as follows:
where we set Γ = Γ B /2 for simplicity. Next, by the variable transformation of ζ = L f −z, the problem becomes a two-dimensional initial value problem with respect to ζ and τ . The arguments of E s ,ρ, and R are ζ and τ , and the equations become
where we took the complex conjugate of the equation of ρ for later convenience. The boundary conditions are given by
where
is a stationary solution.
Laplace transform
To solve the equations, we take the two-dimensional Laplace transform of the light and acoustic waves with respect to variables ζ and τ as follows:
where L ζ and L τ are Laplace transforms with respect to variables ζ and τ , respectively, and s and p are variables corresponding to ζ and τ , respectively. Under the boundary conditions of eqs. 
where ρ 0 (s) = L ζ (ρ 0 (ζ)). By eliminating ρ we obtain
where we set
Inverse Laplace Transform
Taking the inverse Laplace transform of each element in the RHS of eq. (34), we have
where τ * denotes a convolution with respect to τ , I ν (·), ν = 0,1,2,··· is the modified Bessel function of order ν, H(·) is a Heaviside function defined by
and we used the following formulas:
Substituting eqs. (37) into the inverse Laplace transform of eq. (34), we obtain
Since τ = D at the back end of the pump pulse, the Stokes light is represented as E s (ζ,D) there. To calculate its intensity E|E s (ζ,D)| 2 , we use the property
Using eqs. (41), (42), we have 
(46)
Using an integral formula
the following relation holds: On the other hand, the intensity of the Stokes light only by SpBS is obtained by setting Λ = 0 (b = 0). Since I 0 (0) = 1, I 1 (0) = 0, we obtain
In addition, the optical powers are calculated by multiplying the effective core area of a fiber to the intensities, such that
In Fig. 3 the power of the Stokes light calculated using eqs. (49), (50) is plotted with the following values: κ = 2.857 × 10 2 m 2 /kg, Λ = 2.046 × 10 −6 s 2 /m 3 , Q = 2.213 × 10 −6 kg 2 · s 2 / m 5 , A eff = 50 × 10 −12 m 2 , v g = 2.072 × 10 8 m/s, Γ B /2π = 35 MHz; we also use these values in later calculations. In this figure, the solid lines denote the power of the Stokes light including SBS, and the dashed lines denote it only by SpBS. In Fig. 4 , the Stokes-to-pump ratio P s /P p is plotted. We found that the Stokes light only grows rapidly by the influence of SBS when both the pulse width and the pump light power take large values. Boyd[4] solved eqs. (21), (22) on the assumption that CW is injected in an optical fiber, and obtained this solution:
Comparison with Boyd's Solution
where |E p | 2 is the intensity of the CW input, and Fig. 6 , the difference between the two solutions is plotted and becomes large when both the power of a pump pulse and its width are large.
Effect of SBS
Depletion
While a pump pulse passes through an optical fiber, its energy is transferred to a Stokes light by Brillouin scattering, and the pump pulse is depleted. We evaluate the amount of this depletion.
When a pump light travels distance Δz, a scat- tered Stokes light arrives at the input end during time 2Δz/v g . Therefore, energy (2Δz/v g )P s is lost from the pump light, and consequently the energy that is lost passing through a unit distance is (2/v g )P s . Since the energy of a pump light is P p D, the rate of the lost pump light energy in a unit distance is given by
which we refer to as a depletion coefficient. In Fig. 7 , the depletion coefficient calculated by eqs. (49), (56) is plotted, and its contours in a D-P p plane are plotted in Fig. 8 . If depletion coefficient α dep is much smaller than attenuation coefficient α, which is about 0.2 dB/km, depletion is negligible. From these figures, we found that α dep is negligibly small in a range of P p ≤ 25 dBm and D ≤ 100 ns, which is usually used in BOTDR.
SpBS and SBS
The part of the Stokes light that is increased by SBS is given by We investigate the stimulated-to-spontaneous ratio P sbs /P sp . In Fig. 9 , P sbs /P sp , which is calculated by eqs. (51), (52), (57), is plotted, and in Fig. 10 , its contours in D-P p plane are plotted. These figures show that the stimulated-to-spontaneous ratio is sufficiently small: less than one percent when D = 10 ns, P p = 25 dBm or D = 100 ns, P p = 13 dBm.
Conclusions
We analytically solved the BOTDR equations that include both spontaneous and stimulated Brillouin scattering, investigated the effect of stimulated Brillouin scattering with this solution, and found that the effect is negligibly small under usual BOTDR conditions. For example, the stimulated-to-spontaneous ratio is less than one percent when D = 10 ns and P p = 25 dBm, or D = 100 ns and P p = 13 dBm. We also showed that a simple and useful representation of the observed spectrum of BOTDR is obtained by ignoring the stimulated Brillouin scattering. Although the smallness of the stimulated Brillouin scattering effect in BOTDR was used as an assumption in a previous paper, we verified it by quantitative evaluation in this paper. 
